Laser-assisted enantio-conversion is an ambitious issue related to chiral molecules in the atomic, molecular, and optical physics. The theoretical laser-distillation method had been proposed to realize enantio-conversion based on a four-level double-∆ model of two degenerated chiral ground states and two achiral excited states. Here we re-investigate and improve the laser-distillation method so that a chiral mixture can be converted to an enantiopure sample of the desired chirality, i.e., complete enantio-conversion, which has not been discussed in the previous theoretical works of the laser-distillation method. Since the desired chirality may be inefficient or even cause serious side effects in pharmacology, our work plays as an important improvement to the original theoretical works of the laser-assisted enantio-conversion.
I. INTRODUCTION
Attributing to the breakthrough experiments devoted to enantio-discrimination [1] [2] [3] [4] [5] [6] [7] and enantio-separation [8, 9] based on the ∆-type electric-dipole transitions of chiral molecules, more and more theoretical works tend to address the related issues of chiral molecules [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . This tendency can trace back to the theoretical work in 2001 [21] , where the ∆-type model of chiral molecules was first introduced to realize enantioseparation. After that, a new avenue [22] [23] [24] [25] [26] [27] [28] concerning the enantio-discrimination and enantio-separation in the atomic, molecular, and optical physics was established, since molecular chirality plays significant roles in vast majority of chemical [29] , biological [30] [31] [32] , and pharmaceutical [33] [34] [35] [36] processes.
The ∆-type model of chiral molecules is special since the sign of the product of the three coupling strengths changes with enantiomers. With such a spirt, a fourlevel double-∆ model of chiral molecules [37] was introduced to address a more ambitious issue of laser-assisted enantio-conversion even before the first introduction of the ∆-type model of chiral molecules [21] . The laserassisted enantio-conversion [37] is devoted to converting the undesired enantiomer in a chiral mixture to the desired enantiomer. In the four-level double-∆ model, each of the two degenerated (left-and right-handed) chiral ground states, a symmetric achiral excite state, and an asymmetric achiral excited state are coupled with three optical fields via electric-dipole transitions in the ∆-type structure. Since the overall phases of the three coupling strengths in the two ∆-type sub-structures differ with π, the left-right symmetry of this four-level model is broken. Thus the initial chiral ground states with the same populations can be finally de-populated differently in the framework of the four-level double-∆ model [37] . Such a symmetry breaking in the de-population offers the possi- * liyong@csrc.ac.cn bility of converting one enantiomer to another.
In the pioneer theoretical works of laser-assisted enantioconversion [37] [38] [39] [40] , the symmetry-breaking feature of the four-level double-∆ model is used to realize the laserassisted enantio-conversion of a racemic sample in the scenario called "laser distillation of chiral enantiomers" by repeating a pair of excitation and relaxation steps. In the excitation step, the three optical fields are applied to construct the four-level double-∆ model. After that, the three optical fields are turned off, the system experiences a relaxation step. The molecules in the achiral excited states equally relax back to the two degenerated chiral ground states [37] [38] [39] [40] . Then, some molecules in the undesired chiral ground state are converted to the desired ones after applying this pair of steps to a racemic sample. By repeating the pair of steps, the molecules in the desired chirality will accumulate until the equilibrium is reached. Since the desired chirality may be inefficient [34] or even cause serious side effects [35, 36] in pharmacology, it is natural to pursue the complete enantio-conversion, i.e., converting all molecules in the chiral mixture to the desired chirality, which has not been discussed in the previous theoretical works of laser-distillation method [37] [38] [39] [40] .
Based on the similar four-level double-∆ model [37] [38] [39] [40] , we propose a theoretical work to improve the laserdistillation method for the complete enantio-conversion in the equilibrium. By well designing the optical fields in the excitation step, the original four-level double-∆ model can be simplified to two effective two-level subsystems. Each of the two effective two-level sub-systems includes one chiral ground state and one of two mutual orthogonal superposition states of the two achiral excited states. The dynamics of the two chiral ground states are subject to the same effective coupling strengths but different effective detunings. With this significant simplification, the desired chiral ground state can evolve back to itself and in the meanwhile part of population in the undesired chiral ground state will be excited to the up-level of its corresponding two-level sub-system at the end of the excitation step. In the relaxation step, the part of population excited from the undesired chiral state will equally relax to the two chiral ground states. Then, molecules of the desired chirality will accumulate by repeating the pair of steps and eventually the enantiopure sample is achieved when the equilibrium is reached. We consider the four-level double-∆ model of chiral molecules [37] [38] [39] [40] as shown in Fig. 1 . Transitions among each of the degenerated two chiral ground states (the left-handed one |L and the right-handed one |R ) and the two achiral excited states (the symmetric one |S and the asymmetric one |A ) are coupled with three optical fields in the ∆-type manner as |Q ↔ |A ↔ |S ↔ |Q with Q = L, R. The energies of the four states are ω A > ω S > ω R = ω L = 0. Here, the two chiral ground states are degenerate since we have neglected the tiny parity violating energy differences due to the fundamental weak force. The three optical fields are under the three-photon resonance condition and the one-photon resonance condition of |A ↔ |S
II. FOUR-LEVEL DOUBLE-∆ MODEL
with frequencies of the three optical fields being ω 0 , ω 1 , and ω 2 as shown in Fig. 1 .
In the rotating wave approximation, the Hamiltonian of the four-level double-∆ model in the interaction picture with respect toĤ 0 = ω 2 |A A| + ω 1 |S S| is given
Here, the detunings are defined as (ω R = ω L = 0)
The three-photon resonance of the three optical fields and one-photon resonance of the transition |A ↔ |S conditions (1) yield
For simplicity and without loss of generality, we assume Ω SA , Ω A , and Ω S are positive. Thus, the breaking of leftright symmetry in the two ∆-type sub-structures [37] [38] [39] [40] are reflected in their overall phases
III. EFFECTIVE TWO-LEVEL MODELS
Based on the four-level double-∆ model of chiral molecules, the laser-distillation method [37] [38] [39] [40] was introduced to realize the enantio-conversion by utilizing the chirality-dependent de-population due to the breaking of left-right symmetry in the two ∆-type sub-structures. Since the two ∆-type sub-structures share the transition |A ↔ |S , the de-population of one chiral ground state in the chiral mixture is related to the dynamics of the two chiral ground state [37] [38] [39] [40] . In the following, we will give two schemes with well-designed optical fields, in which the dynamics of each initial chiral ground state is constrained in its own two-dimensional subspace and describes by its corresponding effective two-level model in the dressed state basis. Within such simplified four-level models, we can improve the laser-distillation method [37] [38] [39] [40] to achieve complete enantio-conversion in equilibrium.
The strengths of the optical fields are further tuned to ensure that
For the case with φ = π, the Hamiltonian of the original four-level double-∆ model can be rewritten in the following form
where the dressed states |D ± and the detunings ∆ ± are The Hamiltonian (7) in the dressed state basis illustrates that the original four-level double-∆ model is simplified to two effective two-level sub-systems, where the dynamics of each initial chiral ground state is constrained in a two-dimensional subspace as shown in Fig. 2(a) and governed, respectively, by effective two-level Hamiltonian
For the case with φ = 0, the original four-level double-∆ models are simplified to two effective two-level subsystems as shown in Fig. 2(b) witĥ
Correspondingly, the effective two-level models for the two chiral ground states |L and |R arê
IV. IMPROVED LASER-DISTILLATION METHOD
Within our simplified four-level models, we can briefly show the physical mechanism of our improved laserdistillation method to achieve the complete enantioconversion in equilibrium. When the desired chiral ground state evolves back to itself in the excitation step, part of the population in the undesired chiral ground state is transferred to its corresponding up-level. After this, in the relaxation step with all optical fields turned off, one half of the population in the up-level will relax to the desired chiral ground state and the other half will relax back to the undesired one. By repeating the pair of steps, the molecules of the desired chirality will accumulate until the enantiopure sample is reached.
Specifically, we can choose the simplified four-level models of Fig. 2(a) with φ = π to explicitly show our improved laser-distillation method for converting the initial chiral mixture to an enantiopure sample of the desired left-handed chirality in equilibrium. Each molecule in the initial chiral mixture is described by the density operatorρ
with P L + P R = 1. The two chiral ground states evolve following their corresponding Hamiltonian as shown in Eq. (9) . For simplicity, we assume all parameters in each excitation step is time-independent. Then, in each excitation step, the two chiral ground states experience Rabi oscillations with different frequencies [19] .
In the case that the left-handed ground state |L is desired, the operation time of each excitation step is well designed so that the state |L experiences integer periods of its corresponding Rabi oscillation. Since the two chiral ground states have different frequencies of Rabi oscillations, the initial state |R evolves to
This means part of the population in the initial state |R is transferred to its corresponding up-level |D + . Then, the finial state of each molecule becomeŝ
In the relaxation step, all optical fields are tuned off. The molecules in the up-level |D + equally relax back to the two degenerated chiral ground states [37] [38] [39] [40] . Then, one half of the population in the up-level |D + is converted to the desired chiral ground state |L . The other half returns to the undesired one |R . The finial state of each molecule after applying one pair of steps to the initial chiral mixture becomeŝ
Repeating n times of the pair of steps, we havê
This indicates that molecules in the undesired chiral ground state |R are gradually converted to the desired chiral ground state |L since |c + | ≤ 1. When the equilibrium is reached (n → ∞), all molecules are in the left-handed ground state withρ n = |L L|.
In realistic case, the repeated times of the two steps should be finite. In Fig. 3 , we show the enantiomeric excess ε n ≡ L|ρ n |L − R|ρ n |R L|ρ n |L + R|ρ n |R after repeating finite n times for different |c + | 2 . The results show the tendency of complete enantio-conversion with infinite repeated times. For the finite repeated times (e.g. n ≤ 10), we find that the achieved enantiomeric excess is greatly boosted with the increase of |c + | 2 . In the optimal case with |c + | 2 = 1, after 10 repeated times of the pair of steps, the achieved enantiomeric excess is about 99.90%. This guarantees the ability of our improved laser-distillation method for enantio-conversion in the realistic case where the repeated times should be finite.
V. OPTIMIZATION OF THE EXCITATION STEP
As we have pointed out, when the excitation step in our improved laser-distillation method is optimized to ensure that one chiral ground state returns to itself and in the meanwhile the other chiral ground state is transferred to its corresponding up-level, the achieved enantiomeric excess after finite repeated times of the pair of steps can be optimized. In the following, we will pave a way to realize such an optimization of the excitation step.
A. square pulse case
For the square pulse case where the parameters are time-independent in the excitation step, each initial chiral ground state experiences Rabi oscillation with chirality-dependent frequency due to the chiralitydependent of its corresponding two-level model. When the excitation step works in the simplified four-level model similar to Fig. 2(a) with φ = π, the optimization is achieved under condition [19] 
with integer n L > n R ≥ 0. At the end of each excitation step, the initial state |L evolves back to itself by experiencing integer n L periods of its corresponding Rabi oscillation. In the meanwhile, the initial state |R evolves to |D + with |c + | 2 = 1 by experiencing halfinteger (n R + 1/2) periods of its corresponding Rabi oscillation.
B. non-square pulse case
In realistic experiments,the square pulse is impossible since it would take finite time for the optical fields to reach the required intensities from the initial zero intensity. In what follows, we will consider the non-square pulse case. In order to realize the optimization of the excitation step, we can first apply the optical field corresponding to Ω SA as shown in Fig. 4(a) . It can be nonsquare pulse but is constant with Ω SA = −∆ > 0 for a long time. Then, in the time duration from t 0 to t 1 , we apply the other two optical fields corresponding to Ω (= Ω LS = Ω LA ). Before the time t 0 , the chiral mixture is unaffected since the two excited states are unoccupied initially. During the operation from t = t 0 to t = t 1 , within the simplified four-level model similar as shown in Fig. 2(a) with φ = π, the state |L evolves in an effective detuned two-level model and the state |R evolves in an effective on-resonance two-level model. The evolution matrices of them are
Here, σ Q x,y,z are the 2 × 2 pauli matrices and I Q 0 is the 2 × 2 unit matrix in the corresponding basis of the two chiral ground state {|L , |D + } and {|R , |D − }.
In order to realize the optimization of the excitation step, the initial state |R should be transferred to its corresponding up-level, i.e., U R = ±σ R x , which demands t1 t0 √ 2Ω(t)dt = (2l + 1) π 2 (20) with integer l. In the large-detuning limit with |∆| ≫ Ω(t), the evolution matrix for the initial state |L is
Then, the dynamics of the initial state |L is approximately frozen. Then, in each excitation step, the initial state |L (approximately) keeps unchanged and in the meanwhile the initial state |R evolves to |D + . With these, the optimization of the excitation step can be realized.
In the case that without requiring the large-detuning limit, the optimization of the excitation step can be realized by choosing an appropriate ∆ (= Ω AS ) under the condition (20) . Specifically, we use Gaussian pulse shape with √ 2π/4T )e −(t−τ /2) 2 /T 2 with τ = t0 + t1 and T ≪ (t1 − t0). When F = 1, the initial state |L evolves back to itself after our operation and we achieve our optimized excitation step since the area of Ω(t) is set to π/2. where we choose τ = t 0 +t 1 and the width of the Gaussian
2Ω(t)dt = π/2. Then, we obtain U R ≃ σ R x and the initial state |R can be transferred to |D + . For the initial state |L , we expect it evolves back to itself. Then, we numerically calculate the fidelity of our operation
according to Eq. (19) under different ∆ (= −Ω AS ) < 0 as shown in Fig. 4(b) . When F = 1, the initial state |L evolves back to itself after our operation and we achieve our optimized excitation step. We find with the increase of ∆, the fidelity F will approach 1. It is worthy to note that the large-detuning limit is not guaranteed since the peak value of Ω (about 0.6T −1 ) and the value of ∆ for F ≃ 1 (e.g. 3T −1 ) are both order of T −1 . Therefore, we have shown that the optimization of the excitation step can also be realized by choosing an appropriate ∆ (= Ω AS ) in the case that without the requiring of the largedetuning limit. Until now, our discussions are focused on the situation that the left-handed chiral ground state |L is desired. Our discussions can be extended to the situation that the right-handed chiral ground state |R is desired, since in the framework of our simplified four-level model the dynamics of the two chiral ground states exchanges with each other by changing the overall phase from π to 0 or changing the detuning ∆ to its opposite value.
VI. SUMMARY
In summary, we have improved the laser-distillation method [37] [38] [39] [40] to realize the complete enantioconversion when the equilibrium is reached by repeating the pair of excitation and relaxation steps. Our improved laser-distillation method works in the parameter regions, where the original four-level models can be simplified to two effective sub-systems so that the dynamics of each chiral ground state is described by its corresponding twolevel model. With the simplified four-level model, we adopt the optical operations during the excitation step so that the desired chiral ground state evolves back to itself and in the meanwhile part of population in the undesired chiral ground state is excited to the up-level of its corresponding two-level sub-system. Hence, the laserdistillation method can be improved to realize the complete enantio-conversion in the equilibrium with infinite repeated times of the pair of steps. By further optimizing the effective detunings of the two effective two-level subsystems, the achieved enantiomeric excess after about 10 repeated times of the pair of steps can be theoretically increased to about 99.90%. This indicates the promising feature of our improved laser-distillation method in realistic case with finite repeated times.
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